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Galilean Principle of Relativity

Reference frame — a set of 3 spatial coordinates (e.g. x,y,z) and a time coordinate t.

Space and Time in Classical Mechanics:

Space — uniform and isotropic.
Time - uniform and absolute (the same in both IRFs and non-IRFs).

Inertial reference frame (IRF)

(inspired by experimental observation & their existence is postulated by the 15t Newton'’s Law):
it’s the frame where bodies removed from interaction with other bodies will maintain
their state of rest or of uniform straight-line motion.

Practical definition of IRF:

a frame that moves with a constant velocity relative to very distant objects, e.g.
distant stars.

Significance of IRFs:
Newton’s Laws have the same form in all these frames
(the laws are invariant under the coordinate transformations that transform one IRF into another one).

Galilean Principle of Relativity (1632) “The laws of classical mechanics are
invariant in all inertial reference frames”




Newton’s Laws (1687)

First law

It is possible to select a set of reference frames, called inertial reference frames, in which a
particle moves without any change in velocity if no net force acts on it.

This law is often simplified into the sentence: "4 particle will stay at rest or continue to move
at a constant velocity unless an external unbalanced force acts on it."

Second law

Observed from an inertial reference frame, the net force on a particle is proportional to the

time rate of change of its linear momentum: F' = d (mv) / dt. Momentum mv is the product
of mass and velocity. Force and momentum are vector quantities and the resultant force is
found from all the forces present by vector addition.

This law is often stated as: "J* = ma: the net force on an object is equal to the mass of the
object multiplied by its acceleration."

Third law

Whenever a particle A exerts a force on another particle B, B simultaneously exerts a force on
A with the same magnitude in the opposite direction. The strong form of the law further
postulates that these two forces act along the same line.

This law 1s often simplified into the sentence ""Every action has an equal and opposite
reaction."’



Galilean transformations

Galilean Transformations - The IRF transformations that preserve
‘invariance” of Newton’s Laws
(Newton Laws are invariant under Galilean transformation.i)

A !
f , y y
t' =t - the “absolute” time U=t
{ R o X'=Xx-Vt
r'=r -\t -because the space is uniform ,
L and isotropic, the IRFs can y =Yy
move one relative to the other 7' — 7

with constant velocity

Let’s check that the 2"d Newton’s Law is invariant under
Galilean Transformations:

_ _ _ (at t=0 the origins coincide
dr’ . dr’ _ dr with one another)

-V V=V —\7 — Galilean velocity

dt" dt dt addition rule
~
dav' dv ., _ .
= d' = @ = acceleration is the same in all IRFs (This is not the
dt dt case in non-inertial

> ' RFs, i.e. of an
The force in Newton mechanics can depend (only!) o accelerated RF)

on the difference of two radius-vectors and velocities.

— |E':|E J

—




Importance of vectors in classical mechanics

Invariant: Let's formulate a physical law as A=B.
If a coordinate transformation affects neither A nor B, we say that this law is
invariant under the transformation.

Galilean transformation do not affect the length of a vector

= the length of a vector is invariant under Galilean transformation

t'=t Iength=\/(xz—xl)z+(y2—yl)2+(zz—zl)2

X' =Xx-Vt =

y'=y length’ =\/(x; X)) +(ya—y) +(z,—2) =length
2'=1

—if one can formulate a law that looks like “vector” = “vector”,
it automatically means that this law is invariant under Galilean transformation

All laws of classical physics must have the following forms to be invariant under Galilean
transformation:

“scalar A” = “scalar B” “vector A” = “vector B”

= if one side of an equation is a scalar (vector), the other side must also be a scalar
(vector) to satisfy Galilean Principle of Relativity.



Maxwell’s Equations: challenge to Galilean PR

\%
In 1873, Maxwell formulated Equations of Electromagnetism. —
» Maxwell's Equations describe very well all observed V-B=
electromagnetic phenomena
 they are not invariant under Galilean transformations ' ‘? V
o

. ot

Few remarks: =
e there is a built-in asymmetry: a charge in motion produces a
magnetic field while a charge at rest does not T
« it follows from Maxwel equations that : .
the speed of light is the same in all IRFs oo =

at odds with Galilean velocity addition.

This asymmetry triggered an idea of a unique stationary RF (ether), with
respect to which all velocities have to be measured, and where Maxwell
equations can be written in their usual form.

However, the famous Michelson-Morley experiment (1887) did not
detect any motion of the Earth with respect to the ether.

How one could proceed?

At least one of the following statements must be wrong:

(a) the principle of relativity applies to both mechanical and electromagnetic phenomena
(b) Maxell equations are correct

(c) Galilean transformations are correct



Einstein’s Principle of Relativity

Einstein (1905) assumed that (a) and (b) are correct & postulated:

The first postulate of the Special Theory of Relativity:
“The laws of physics are the same (covariant) in all IRFs”

Covariance is less restrictive than invariance:

Let A=B.

If, under RF transformation, both A and B are transformed into A’ and B’, but still
A’=B’, than the law is covariant.

One of the consequence of Einstein’s Principle of Relativity (being applied to Maxwell’s
Equations): the speed of light in vacuum is the same in all IRFs and doesn't depend
on the motion of the source of light or an observer

(in line with the experimental evidence that the ether does not exist).

However, this applies to all (not necessarily e.-m.) phenomena.
Therefore:

The second postulate:
“The speed of light in vacuum is the same for all inertial observers,
reqgardless of the motion of the source”

= Maxwell's Equations are in line with Einstein’s Principle of Relativity.
Conclusion:

» Galilean Transformations based on the idea of universal and absolute time are wrong!

» Consequently, the laws of mechanics have to be modified
to be covariant under new (correct) transformations.



Lorentz Transformations

The class of transformations that maintain the covariance of Maxwell’s equations
were derived by Lorentz (1904) (though Lorentz suggested that the ether wind
physically compresses all matter in just the right way to conceal the variations of ¢ in
Michelson-Morley experiment, he still believed in absolute time). 4 y 4

- let’s consider two inertial frames S & S’

S : Origin O, coordinates x,y,z and time t
S’: Origin O', coordinates x',y’,z" and time t’

S’ moves with constant velocity along x axis of S
at time t=t'=0 the origins O and O’ coincide

* at t=0 a light flash is produced in O
= a spherical wave with radius R develops in frame S
a spherical wave with radius R' develops in frame S'

Bz:’;-i—urz—l—yz-!—:g:(ﬁt}g

— () —z®— 1 — 22 =

R; — g Tr} 4 yw? 4 :rz _ (m‘f}?

— (r_-?‘.*)? gl ykg s

= |[(c-t)*—radius®| is the same in both frames



Lorentz Transformations

| ! | — (ct)® —a* = (ct')? — (2)* = (&) —2* = ¢ [(i’r}:} — ig] (1)

laws of nature are the same in S and S' = x' and ¢' are linear functions of x and ¢

' = a1z + at

—
t' = asz + aut
' (ty dx (g
i 7 = r=—»— — —=—-——=1
f g dt X1
v’ = agl dr’  1dr' o
I(.F - ﬂqf dt ¥} dt kg

2ar=0 & ar=-vm

T = T — vast
. 1 1 )

t = asx + qyt



Lorentz Transformations

M&2) = (@-Dz’-walrt+v’a’t? = dalz®+2asazt+? (-1 ¥V (z&t)

i

(o —1) = dal

5 1 1
= ﬂ]_ — 3 — ﬂl — . -
L~ fl—5%
s 1'|r' iy
if v=0 ar=41 but v=0 — nomovementof S
/ 1
gy T =7 — ay = 1 =% oy = : :
yl=e
r' =~(x — vt) eyl
c
! e
Final result: y=y (Lorentz Transformations) |
! — N =
i : 1-0
E = ’"rl:f i —’]')




Lorentz Transformations

Linearity of Lorentz transformations reflect the fact that:
* the space is uniform and isotropic

=
e the time — uniform. ct'=ct
For small V<<c (B<<1, y~1) X' =X— 3ct = X — Vit
— Lorentz transformations are reduced to Galilean transformations:< Y=y
I
A flash of light occurs at x = 1m, y = 1m, z = 1m, V
Example: and ct=1m (so t = 3.3x109s).
Locate this event in the primed RF, which moves L
at V/c=0.6 to the right. ./ |
| |
B =0.6,y=1.25, so By =0.75 i i X, Xr
— | // -
-Vt -
y Y
Galilean Tr. Lorentz Tr.
X'=Xx-Vt=x—fct=1x—-0.6¢ct =0.4m X'=X—ypct =1.25x-0.75ct =0.5m
y'=y=1m y'=y=1Im
Z'=7=1m Z'=z=1m
ct'=ct=1m ct'=yct—yBx=1.25ct-0.75x=0.5m

(thust’'=3.33x107"s) (thus t'=1.67x107s)



Relativity of simultaneity

One of the striking consequences of Einstein’s postulates in the relativity of simultaneity.

=== M, T
(@ [« | (b) @ e — ()
N I I
® K o |
O O 0T 0 o O O
YK

K — the rest reference frame of the car. For an observer in this IRF, light from the bulb in the
middle of the car reaches the car ends (events (a) and (b)) simultaneously.

Second postulate: the speed of light is the same in all IRFs!

K' — the ground reference frame. For this observer these two events are not simultaneous:
as the light travels from the bulb, the train itself moves forward, and thus, event (a) happens
before event (b).

Two events that are simultaneous in one IRF are not, in general, simultaneous
in another.




Time dilatation

The proper time (interval), At, - the time interval between two events occurring at the
same position as measured by a clock at rest
(with respect to these two events).

“Light-clock”: At
vV =
mirror K 2 mirror K’

A A / We want to know the time interval
between the same two events
occurring at the same position as

y photon y' =y At photon Measured by (synchronized)
C; clocks in a moving reference frame:

LA e ALY (o, ALY

z 55
2
At =2V Y +(vat/2) At=2

At =2
0 @ @ c
S d tulate: th d 2 2 2
ofelfg%rt' is‘:ﬁg :a:n: in ZI ISIF;QEISS! (CAt) B (CAtO) + (V At)

The time interval measured in the moving system K’ is At = At, = yAt
greater than the time interval measured in system K V2 0
where these two events occur at the same place (the 1——2

C

proper time is the minimum time interval).



Time dilatation

To observe this effect, the relative speed of the At _ I ¢
reference frames should be large. For the fastest At >
spacecraft, the speed is ~10“c, and the effect is e 1-p

of an order of 108; A 2
me——szm®+%J

1-4 1
_ | | L=V/c ]
Obviously, the same results stems directly from Lorentz transformations:
light on K light out K Proper time interval:
% . N ___\ At . tO tO
tO {_ﬂ} tO \i_ﬁ,} 0 2 Y4
1 \Y 2 \Y 0 0
0 0 X, =X =0
Xl V Xl
Kr . Kr
t t
| e e
X y X,
0 0 0 0
(t7-t7) - (x5 -x7) v -
_ C but X, =X =
L= > 2 \/l—Vz/C2
JI-v?/c



Consequences of the relativity principle

« an event is completely defined by a space-time coordinate set

» Lorentz transformations between two frames S & S’ tells how a
moving observer (S') would observe and event described by an
observer (S) in the rest frame of an event

» moving clocks run slower

Muons are created at high altitudes due to collisions of fast cosmic-ray particles (mostly protons)
with atoms in the Earth atmosphere.

Muon — an electrically charged unstable elementary particle with a rest energy ~ 207 times greater than
the rest energy of an electron. The muon has an average half-life of 2.2 x10-¢ s.

V=2.994x10°m/s=0.998c /3 =0.998

N,— the number of muons
generated at high altitude

~20 km

[
>

A

altitude

v VL

N — the number of muons
measured in the sea-level lab

In the muon’s rest frame  At, = 2.2x107°%s

By ignoring relativistic effects (wrong!), we get the decay length:

20,000
660

N =N, exp(—

L=At,xCc=2.2x10"°sx3x10°m/s =660m

j: N, exp(=30)

In fact, the decay length is much greater, the muons can be

detected even at the sea level!
Because of the time

dilation, in the RF of the

lab observer the muon’s

lifetime is: A
At=—2b 354107

-

L=35x10%sx3x10°m/s=10.5km

20,000
N =N, exp(— 0 500] ~ N, exp(-2)




Consequences of the relativity principle

» moving rods shrink in length along the line of motion

- quantity [(c-time)? - radius?] is the same in both frames

» physical laws are the same in any inertial frame

* Only requirements for S and S':
S and S’ should be in uniform relative motion



A convenient and consistent method to denote an event

» contravariant location 4-vector x* (u=0,1,2,3)

1

2 = (2,2, 2% %) = (ct, z,y, 2) = (2°, )

- frequently used notation: I = (z', &)

- covariant location 4-vector x,, (1= 0,1,2,3)

r, = (xg, 21,72, 23) = (ct, —x,—Yy, —2)

- dot product: 'z, = (z")* — (z')* — (2°)* — (a*) = ()’ —2® —y" — 2°

A

=  Fi=(ct)? =2 —yt =2

. the scalar: b is invariant for all inertial frames



» corespondence between contra- and covariant 4-vectors

1T "y
.‘1'}'! - gjji.hj'

some authors use different metric

- summation convention

r(JrI[J[J[J\
0 —-10 0
0 0 —10
k\[J[J[J—])

[

—lUUU\

0

metric tensor

0 +1 0 0 o
0 +1 0

different sign for the dot product



* exchange the primes (')

 inverse Lorentz transformation:

- —
* replace [ by -f

» some definitions using the metric g :

gt |
el il |

.”]'T'” :T]f-' = U

=¥

T 15 called spacelike

==

is called timelike

is called lightlike

» L orentz transformation can be written in matrix notation:

'I{. (TH\:I-’\I
(')

\ (;1.‘3}‘)

[

agy apy o2 3
@1p @11 @12 13

(on 21 (22 023

kﬂ-.'ilb (131 (132 U3z )

\ (20)

* Easy to include rotations in the transformation



2

=FF

B
[
1]
=
=

« frequently used notations: -

» Choise of O = O'at t = t'= 0 was very special

— allows comparison of absolute coordinates x, x', ...

* In general one measures differences in time and location

* general form of the invariant quantity:

(cAt)® — (Az)® — (Ay)? — (A2)* = (As)?

A4s = invariant “4-dimentional separation” of two events
* In most general differential notation:

(ds)? = (cdt)* — (d)* & As=[ds

(ds)? defines the metric of space-time and thus all properties

(including the Lorentz transformations)



. Let's define:  (dr)? = (ds)?/ & Ar= [d.r

Timelike separation — dt = invariant time difference

At Is the time difference measured by a comoving clock

This time is called the proper time

« Particle moving with velocity &’ in the inertial frame S

Ldr
old fashion: U = i —

=

X
st quess -
first g 7

- d X transforms as a 4-vecor but also dt transforms —

A invariant time is necessary — use dt

. ) dT
definition of 4-velocity @ = o
LT
,_ . da ,_
t = YuT — U =7y df — U = Ir'”((-‘ u)

= A . : ¥ g a9
The norm of u is invarint i = (c"—u") =¢

this u does not transform as a 4 vector



» Leads to new expression for addition of velocities

- Frame S' moves with uniform v?c relative to frame S
- Particle moves with velocity u’x' relative to S" (x||X’)

Inverse Lorentz transformation gives u

i

y — -~ ¥ e T f
TuC = .ri“( Yo C 3 -'3?' Irn"” \} '”-I + U
1 Tt TR
f L we—=1Aa2. s o : E =
Yol = el 4‘__}7,3‘3*;-,”1{ — VoY €Fy = fr-i_,ﬂ,fj_,r(?.t. i i,-) i

.

. F . . .
if w =c — u=c; cisreally invariant !




old fashion p = mu
definition of 4 —momentum: p=mu u=my,(c, U

s this 4 — momentum invariant ?

P’ = mii =miyi(e® —u®) = mc?

« What mean its components ?

—

= I J ] =
p=(p,p) — p=mnc & pP=ymi

* New relativistic definition of p : extra factor y,

« What is the physical meaning of p° ?

0 i w1 | Lu? 0 o L
P =meYy =me( —F—E) =il +§§+) — | pe=mctomut..

=l

It’s an energy!



ifi =035 Beph= me? (rest energy)

* Definitions:
Total Energy : E
Rest energy : E,
Kinetic energy : T
, 2
L ~2 K P 2 3

s ~
E = yume p= (Fﬁ) pr=—5—p=mc

I.} i i i
He = (;ur) (mcz}z Ey = mc? T =F— Ej
Buasic 4—vectors T,1,p — construct relativistic kinematics

4—Force (K") & 4 — Derivatives (9,)

dp 5 5
i — :
K= dr O = Ok O = (rrh 0’

ﬁ') — allow to develop Relativistic Dynamics



Minkowski metric; rapidity

» contravariant location 4-vector x* (u=0,1,2,3)

2 = (2,2, 2% %) = (ct, z,y, 2) = (2°, )

- covariant location 4-vector x,, (1= 0,1,2,3)

r, = (xg, 21,72, 23) = (ct, —x,—Yy, —2)

i (z")2 — ()2 = (222 — (%) = (&t)? —2® — 9y — 2*

 an alternative description of Lorentz transformation is

based on the Minkowski trick of introducing an imaginary
time x, = it
f1=T: Th=17 Ty=2; =1

5 5 o a 7 2 . =
» Lorentz invariant becomes: 1]+ 15+ .13+ .r; = mvarant

» The transformation which leaves this expression invariant is a rotation.

A rotation in (x,X,) plane is: r] = Iy cosq — rysinaq, rj = rysina 4+ 14 cosa

* In a real world these can be written: ¥ = rcosa — itsin a. it' = rsina + it cosa



Minkowski metric; rapidity

using the identities: isino = sinhia, cosv = coshia

Taking y=ia the real form of Lorentz transformation is recovered:

7 = rcoshy - tsmhy, t =-rsinhy 4+ t coshy
x' =~(x —uvt)
) L - =y
To be equivalent with:
" -
E = "'||:i'l —27)

—> Yy must be real and «imaginary

— the price paid for a familiar Euclidean form of the rotation in
(X1,X4) plane is an imaginary rotation angle

The real quantity y defined above is called rapidity of the transformation:

cosh y = 7, sinhy = v=tanhy

In ultrarelativistic regime, when particle mass can be neglected, i.e. E=p: tur = In(E'/ E)



Collisions’ kinematics

The de Broglie relationship between wavelength and momentum p is:

A =h/p

— A =2mhc/pc =2n x 197 MeV fm/pc

where p is in MeV/c

For an electron with p =1 GeV/c

A=2r%x197/10°=1.2 fm or 1.2 X 10-°m

Since a proton is ~1 fm in size,

a 1 GeV electron will see the whole proton

1GeV/c




Collisions’ kinematics

For an electron with p = 100 GeV-c:

A=2ax197/10° = 0.012 fim or 1.2 X 10-""m

a 100 GeV electron will be able to probe
— inside the proton and scatter off the guarks 100 6eV/c
inside

— Increasing Energy Decreasing the probe size



Collisions’ kinematics

 Consider only pointlike particles

 Take into account all external effects
- Friction — heat production
radiated off — particles (photons) moving away

1. Within one reference frame P, is conserved (energy and momentum conservation)

2. Among reference frames in uniform relative motion P?,,,,, is invariant

. I me?

) , Tontl

B = YT C — Yo = ey — .Lf?;- = |1 — (—\.IE
me E

* Let’s consider two patrticles, each with mass m and velocity v = 3/5¢
head-on collision & stick together

#before collision: [y ==L & pp=—p=p
B E 9F

D= (4,357 pPa = ( ,—Iﬂ — ﬁ’mf”,r — (;, U} —> The final partice is at rest
{ ' ' C |

C



Collisions’ kinematics

f
# after collision : F S ':ﬂf C, U)

2K H
- M=—=2ym — M=-m (M>2m)
e 2 ;

* Kinetic energy converted into rest energy !

* Classical: E,;, «» “internal energy” (potential, heat, ...)

* Relativistic: All “internal ” forms of energy are reflected in
the rest energy of the complete system

* Let’s consider a proton and neutron at rest forming a deuteron with binding energy B

B .
- 0)

* proton-neutron system : Pf atal = (m.pr? F IRl —
C

#deuteron: P = ( Me, [_J)

B

2

.;;.'ijr == ﬁlp _|_ ﬂ-I':-” o



Collisions’ kinematics

« Remaks :

1. B reflects the E,,in the proton-neutron system
2. Inside the p — n system B is a separate component
3. Deuteron system as a whole — B reflected in rest energy

4. At least energy B needed to break-up the deuteron

— the deuteron is a stable system

« In a laboratory E and B of a particle are measured

i y = e
E=~rnmc & p=ryymi — U="F



Two body decay

A pion () which is at rest decays into muon (1) and a massless neutrino (v)
* Simple solution :

- Before decay : anfm’ — Iimﬂff, m

- B X By - Epddy o+ 4
- After decay : IJ;IZ(TI.IJH} & JJE;Z(?E,}JH} = P;f}fﬁllr:(%‘l]ﬂ—'_'}y}

.ﬁ:n — _,ﬁ;r = ﬁ m‘:’u‘fg — Ep + Ezr EE — (mfrfg — Eaf)?

B

2? (myc”)*

= (o) +(m,uc?)? = (mec*— | ] ©) = mic'—2m, | 7| &

(m?2 — mﬁ}r

2m.

— | p|=




Two body decay

Since: Ef = (ﬁt’?]lg + [:mﬂfg)? 5 By =
, ¢ ) 2

7= g (1 — m:H)F
L - omitm?

*Let'suse invariants : Pr = PuTPv —  Pu= Pz — Py

~2 ~2 ~2 ~ ~
Py = Pr + p;.r % 21:':*.'35';:

2 2

2 9. 9
0 =myc” +m,c” —2m,E,

(m? + mf:}cz

=% e
! 21

i




Two body decay of unstable particle in flight

(c=1) Il
mother particle P = (E,0,0,p),
daughter particles p; = (E,p; ,p;.) and p, = (E,p, ,p;.)

due to momentum conservation [ =p = —pa,

let’s label the kinematical variables in CMS with asterisks E = (E+wpt)
P = Y(pi.+ vEY)
My = Pt

and similarly for particle 2

v =p/E and y= E/M

the problem is solved. —>  one could find now the angles which the two
daughter particles make with the z axis and with

each other as function of the mother particle
(Exercise 1)

Lets solve the problem starting from energy-momentum conservation

E = Bt B=\/mi+pi+mi+ps
7 = i+

. (M? 4 mj —m3)pcosb £+ EEV’E_WF}?"'E — mip?sin’ 6,
PL= 2ANM? + p?sin® ;)




Two body decay of unstable particle in flight

Reality of p; — (M?p*?— m.?p?sin?6,) >0
- condition satisfied for all 6, if Mp*/m,p > 1
— lower sign must be rejected since otherwise
p, gets unphysical negative values for 6, > /2
- if Mp*/m.,p < 1 — there is a maximum value of 6,
sinb, ..., = Mp*’m,p — both signs must be kept:
for each value of 6,< 6, ..., there are two values of p, and
correspondingly for p,
Exercise 2: derive p, expression from the previous page
Exercise 3: for the following decay processes:
I. Kog > 7" 7~
ii. 19 —pr-
ji. 70 — 2y
assuming 1 GeV LAB energy for the mother particle in each case:
- find the maximum Lab angles 6 and corresponding momenta for all decay products
- Show that the minimum opening angle between the decay products correspond to a
CMS angle of 90° with the flight direction of the mother particle and calculate the
corresponding LAB momenta
- if a daughter particle makes half of maximum angle, find the corresponding two
momenta and two momenta and LAB angles of other daughter particle



Three-body decays; Dalitz plot

Consider the decay of mother particle M into three particles m,, m, and my
Their corresponding 4-momenta are P P+, P> and ps

Energy-momentum conservation — P =p; +ps+ Dy

Let’s define the following invariants:

§ = P
st = (P=p)"=(pa+p3)

(
s9 = (P—p)°=(ps+p1)
(

d3 =

Which is their physical significance ?:

-8, = (p, + p3)? — (s,)"?is the invariant mass of the subsystem of particles 2 and 3
- Similarly (s,)? and (s;)? are the invariant masses of subsystems (3,1) and (1,2)

They are not independent: sy + sy + s3 = M* 4 mi + m3 + m3



Kinematical limits

In case of three particle decay arises the question of the limits of kinematical variables
phase space — the space spanned by any set of independent kinematical variables
- with this definition one could say that we are deriving the boundaries of phase space
Let’s consider the decay process in the rest frame of the mother particle (CMS):
sy = M?+ mj — 2ME,
with E, = (m,2 + p,?)"2, p,is the CMS momentum of particle 1, — E, >m,, therefore:
max $; = (M — my)?

In order to find min s, , it has to be evaluated in the rest frame of subsystem (2,3) — Jackson frame
The kinematical variables in this frame are denoted by a little zero above de symbol

81 = (Da+ p3)° = Uz_:z + E.ﬂg > (mg + my)?

s € -{H.’g + ma)% (M - )2
— S9 € -{n's_-; + my)*, (M = -mg'jl-z—

=2

I~~-...-I

S3 € { my + ma) % (M = 1)



Kinematical limits
9
o (S ,I'I q ol 2 _02
sSi=(E—FE1)"= [V M*+ P, — \Vmi+ Py

o2

Pi= li‘:; [.-a'l — (M — -mﬂﬂ [SI — (M 4+ my ]E] = %}L (.ﬁ'|._“lfg.-n'z?_)

i il ] 2
s1= (po+p3) = (Ez Bs E:s)

2
2 2 2
Po=Ps= —A (s;.mg.mﬁ)

o] a
A

where Mr.y.:) Kinematical function is defined: M r.y.z) =1 +4° + 2% — 2ry— 2yr — 21

Se = (py + 1’13)2 = m? + -m:% + 2 (ﬁ:ﬁs— ﬁ'!ﬁ’g COS n)
a Is the angle between p, and p4

—> S,depends on «a if s, is fixed. It follows that s,,= max s, and s, = min s2
Correspond to a = rand «a = 0, respectively, i.e.

S0y = m? + m% + 2 (ﬁ:}i—:;i ﬁ:ﬁ:a)

E| = 5 ! (S - 51— m%) . E:; = ! - (S| + -m% - -m%)

i

S
:



Kinematical limits

‘ 9 1 - 2 ) 2 24y 1/1 9 9
Sar=ma+me+ —|(s—s81—13) (51— m2+ m3) £ X 2(s81,8,mP)AY (81, m2, m3)
| 1T 5, | 3 3 1 25 M

This equation defines a curve which is the boundary of the Dalitz plot in (s,,S,) plane

1() T T T T T T I:I T T T T T T T T T T T T
[ | P | \
i (ulrlﬂnz)z
g [ ~b————- SN (M=m,)? B
_ e +K% at 3 GeV
e L (m33) ax : ]
- H
&: It (11—1113}3
o |
C\.I:P\:I4 | | ]
= |
|
g | (J'n2+f113) —————— 1 o
o L | . | \
0 1 2 3 4 5

9 e isD
mi, (GeV =)

The maximum values of the three-momenta of daughter particles in the rest frame of
the mother particle:

1 - - .
Plymar = WU" [AMZ = (m1 4+ ma 4+ ms)?[M2 = (ma + m3 — m1)Y

Similar expressions are obtained for p,,,,. @nd p;,... by cyclic replacement of subscripts:
1 >2,2—>33—>1



Particle collisions

(centre-of-mass frame and laboratory frame)

The total 4-momentum of a system of n particles i+ Pas «- D
Pr=ri+ph .+
Labeling CMS variables by asterisks, the CMS is defined as:

}?J:f;r—{'}“};‘{‘---—{-fg::ﬂ

The LAB frame is defined as the reference frame in which one of the initial particles is at rest.
This particle is called the target particle, the other being the beam particle or incident particle.

c(p3) / c(pa)
a(pr) ) f’?’?* b(ps) a(p) b F'*'?‘,-e--"”@
/ kY 'gr' A
Jl,f. ‘.\.
/ \
Jd(p4) d(p4)
(a) f (b)

CMS LAB



Particle collisions

(centre-of-mass frame and laboratory frame)

P = (Erap.0,0,pra8)  beam particle
— P=1 b Pa

Py = (mg,0,0,0) target particle

the invariant square of p is usually denoted by s

s=(E{ + E3)’ —> s'2 s the total CMS energy of the system

Ef= U";f ni + p*?, E; = U";m% + p*?

pi= }v/‘{[ (m1 — my) } [—‘:' — (mu + -n'.az"J?}}l’m

if particles ¢ and d are different from a and b, then:

2

(m3 = my) } [—"" — (ma+ 1*;*1*.;]2]}”r

Py )\/F {[
in the LAB frame s is given by

2 v, S
5= p”pﬂ = my + s + 2maErap

p— Epap=(s- m? — m%)/?mz



Particle collisions

(centre-of-mass frame and laboratory frame)

o 2
Erap= \VPrap + 11

1
2y

Y v ¥ !.";2 l 1 5 P
{["1 — (m — 'm‘zﬂ [-‘:‘ — (m + -n:r-gjz}} =3 AzZ(s,mi,m})
2ms

—> Prap=

19

P = Pr_.d.nﬁ

For ultra-relativistic particles, i.e. energies where one could neglect all masses in comparison
with the particle energies, E*; = E*,

— E*x -\;"%HEEE LAB
—> In fixed target experiments at high energies most of the beam energy goes in the kinetic
energy of the particle system — colliders, i.e. accelerators with two beams moving in
opposite directions

Example: - in an e+e- collider one needs two beams of half Z boson mass,
i.e. ~45.5 GeV each to produce it
- The equivalent LAB energy of a e+ on a target e- is 8.3 x 10 GeV !!!



Particle collisions

(centre-of-mass frame and laboratory frame)

Let’s calculate the LAB velocity of the centre of mass of the initial particles.

Ey+ Ey = Epap+ mo = Yem|[Ef + E5 + vem (P, +15.)]

using s=(Ef+ E;JE and p*;, + p*,, =0
— Yom = (Epap+ma) /s

Vem = Prap/ (Epap + ma)

For equal mass particles - in the nonrelativistic limit the centre of mass
moves with half the speed of incident particle
- the relativistic expression is:

! |Epap—m
oo 2]
s .9 e \» Epip+m
FOrpug«m  Uon=1248 (1 Pras
LAB e 2m Am?
2 )'1/2 v —_— l 1 .2
Viag = P Las/7iasM and yap = (1= VA 08 — Vem = 5"" rap |1+ T LAB

One can use v, and y,, to write down the Lorentz transformation from LAB to CMS

E; = Yem(ErAB — VemPrap) = (m + mpEpap)/Vs E} = Yomme = malme + Ep 4g) /s



Elastic collisions

9 2 9
e = e and P

a2

It b2
T
-
—

=21 2

P1 + P2 = P3 + Py

One could construct sixteen p; - p;, i,j = 1, 2, 3, 4 invariants

- four are p? = m? — trivial invariants, i.e. constants without any dynamical content
-asfarasp;-p;=p; P

—> Remain six invariants constrained by 4-mometum conservation

—> Remain two independent variables
It is frequently convenient to use three invariants with one constraint.
The most used choice are the Mandelstam variables:

s = (p+py) = (p3+ D)’
t = (p—D3)? = (Do —Dy)°
i = (P — ﬂl)j = (py — 1’1:5)2

Since only two of them are independent there exists one relation between them:

D2 1 P2
s+ t4u=2mj4+2m;



Elastic collisions

t has a special meaning in the CMS where E*; = E*,

t == —p)° = =2p"%(1 — cos )

- up to a sign, t is the square of the momentum transfer in the CMS
- In the elastic scattering t is always negative except at 8* = 0 (forward scattering) where t = 0



Inelastic collisions

ttpant+ptat+n”
ett+e” = ut 4y
eC+p—oe+ X inclusive collision X — any system of final state particles

energy and momentum conservation Pyt Dy = PaF Pyt ot By,

Which is the threshold energy for this reaction?

P1 = (Eras,0,0,p148) Ps = (Mg, 0,0,0)

— S=(py+ Do)’ =mi+mi+2meEpap

— s=(pg+Dp+---+Dy)°

CMS expression of s and using energy and momentum conservation

g=(E 4+ B ¥ L EDR > (mat mat ot o) 2

where we used: E! = \/mi+p{* > m;



Inelastic collisions

thr = VSmin = M3+ ma+ ...+ my

setting M=ms;+m, + -+ m,
1

: ! 2 2
R S [_U‘z - mj — mg}

introducing the LAB kinetic energy T, g = E; s5 — M
TRl e [.’lfz — (mq + -m-gﬂ /2mg
Example:

- the threshold kinetic energy for 7* +p > 2t +p + 7° + 7*
using the approximate mass values m, = 940 MeV, m, =m,, =m, = 140 MeV

- 1 & =
T.ﬁfr'-{ B = 5 [[H?p + 3mg )" — (my + mg]lz}
) uﬂ?p
1 : ’ 201
= — (2mp+4mz) 2ms) =2m- (14
2my My

= 2x140 x (1+ 2 x 140/940) = 363.4 MeV



Quasi-elastic collisions

particular case of inelastic collisions, i.e. 2 — 2 body reactions

ie.et+e > ut+
8+ t+ u=mj + mj; + mi + mj
PE+75 =05+ 1

A == and p = ] =1

{[‘: — (mg — my)* } [ — (ms + nu)° }}I }]l

‘7'\/'
Example: #+p—s K +Xt

mi = 0491 GeV mys = L189 GeV' = threshold energy is 1.03 GeV

Assuming the LAB energy of the incident pion of 1.5 GeV
= s=mz+mj+2mpErap = 0147 + 0947 + 2 X 0.94 x 1.5 = 3.71 GeV?

p"=0.027 GeV. and  p¥ = 0.438 GeV



Quasi-elastic collisions

CMS variables:
-- 2 2 g 9 9
: - p i 5 —_— ) 5 s
B = s+ mi — m3 E*_ s+ m2—m? E = + {;1:-; mi Er = i r.;n ms
L 2y/s 27 2 /8 2\/s /5

1 / 7 : * * j‘ "II 32 y
pp=pr = mv‘ [.-a' — (my — H'.i'g:lﬂ [-‘:‘ — (my + '}??Q\Jz} Pa=p; = :2\/?'.-'; [s — (mg — -m.;j”} [s — (mg + -m.,‘f]

denoting the CMS angle between p,* and B,* by 6*

080 = 1= (tg—1)/20p5 =1 = (u — up)/2p}ph  to = mi + mj — 2(E{E} — pip}) = m5 + mj — 2(E3 Ef — psp})
w = mi + mi — 2(E{Ef + pipi) = mi + mj — 2(E5 E3 + p3p3)

LAB variables:

; 2 2 2 o ) 2
S = mj—ms my + my — U my + my —t
EI I - Eg = my E.’s — - . £| uas -
2 ) )
2my 2ims 2imy

The angle between B, with z axis is given by:
t—mi—mi+2E E;
2p1ps3

U —mi—mj+2E E,

and similarly  cosfy = T,
214

oSty =




Deep inelastic scattering

In lepton-hadron scattering at high energies a large number of hadrons are produced In the final state:

this is called deep inelastic scattering (DIS)

e+ p—=e 4+ X

X stands for the hadronic system with an arbitrary number of particles

A generic diagram looks like:

e(k)

p(P)

To describe the DIS reaction kinematics we make the following notations:
- 4-momentum of the incoming electron k = (E,0,0,k)

- 4-momentum of the target proton by P

- 4-momentum of the scattered electron k'

- 4-momentum of the hadronic system P’

- 4-momentum of the exchanged virtual photon y*q = k - k'



Deep inelastic scattering

4-momentum conservation - k+ P =Kk 4+ P’

And we have the mass shell conditions k? = k? = m,2 and P> = m,?

Since the energies characteristic of DIS are at least several GeV,
the electron mass can be set equal to zero — the square of the 4-momentum transfer is
q? = (k—k')? = -2EE'(1 — cos@)
— g2 <0, i.e. the exchange photon is space-like !

The invariant W = P" is variable because the multiplicity of particles in the hadronic system is variable
— the complete kinematics of DIS is determined by three independent invariants

relative

fo two as we are used for inelastic collisions

- One is the square of the total CMS energy S: S = (k+P)*=m;+ 2P

- The second invariant is usually chosen to be the negative square of the 4-momentum transfer:

Q?= —® = —(k - K)? = 4EF’ sin? g

-The third independent invariant can be taken to be W or

alternatively one of the dimensionless variables:

2 P.c
Q or ¥y=r =

Ir =
2P - q




Deep inelastic scattering

The variable y has a simple physical meaning in the target frame where
[ [ _)
P =(m,0,0,0), k = (E; 45,0,0,E, 45) and k' = (E', 45,P3)
-y =1—-E'| ,g/E| 45| i-€. y iS the relative energy loss of the electron in the LAB

The invariant x is Bjorken scaling variable or simply Bjorken-x,
Bjorken predicting the property of of scaling in DIS, confirmed experimentally

Interesting is the expression of S in terms of beam energies.
- fixed target DIS, e or u beam with 4-momentum k = (E,0,0,E) and p target with P = (E,0,0,0)

= S=m+2myE
-e — p collider like HERA the 4-momenta of the colliding particles are
P = (E,0,0,E;) and k = (E,,0,0,-E,)

—> S=4E.k,
Other useful relations between various kinematical variables:

P=wyS  and W =nl+ QPr—1)



Deep inelastic scattering

Within the framework of parton model, DIS proceeds by exchange of a photon or intermediate
vector boson with only one of the quarks of the proton:

() e(K) oo
O—0

. e—ee—e_

X(P) q q 9 q

p(P)

The electron — quark collision is elastic — the struck quark acquires a sufficient momentum
to break away from the rest of proton as far as the
color force allows it to travel
— at this stage some of the binding energy is converted in creation of a quark-antiquark pair
from vacuum
- the anti-quark combines with the original quark into a meson, leaving behind an other quark
which can give rise to the creation of another quark-antiquark pair
— fragmentation continues until the remaining energy drops bellow the pair creation threshold



Deep inelastic scattering

The result - several mesons are created which travel roughly in the direction of struck quark
- Such a system of mesons or more generally hadrons is called jet
- the residue of proton is highly unstable system: - lost a quark
- absorbed a quark presumably
of the wrong sort left over from
the fragmentation
- has absorbed a fraction of the
enerqgy transferred from the
electron
— it breaks up into several hadrons
- the elastic electron-quark collision is the hard subprocess of DIS

At high momentum, where the proton mass is negligible, the quark energy is the same
fraction of proton energy.

It turns out that this fraction is identical with the Bjorken-x defined above

Denoting the 4-momentum of the incoming quark by p we have therefore: p = xP
Denoting the invariant (k + p)? by s, which is the squared CMS energy of the subprocess
we have also : s = xS

This shows that the two independent invariants that control the kinematics of the subprocess
are x and Q2



Lorentz invariant phase space

density of states

Fermi’s golden rule

available for energy E

|
. p( E )/ (phase space factor)

e h !y
Transition rate f

Transition matrix element
i—>f |[<YAV] ¥ >|?

* |m;{2 may be unknown
« therefore, we need to calculate p(E) to extract the dynamics of the matrix element

Density of states

« state of motion of a single particle with momentum between 0 and p confined to volume V is
specified by 6-D phase space (x,y,z,p,,p,,P,)

« momentum and space coordinate can be specified within h limit — from uncertainty principle
— element volume of space phase is h3

* therefore the number of states available to an individual particle, N, , is:

. total phase space volume I s
N, = = th'f{l'cf’: dp, dp,dp. =———= |d"p
clementary volume (27hy S (27h) -




Lorentz invariant phase space

* For a system of n particles the number of available final states, N, , is the product of the
individual particles’ number of states:

| ( ’
."'\"” = -
(2777

Phase space

« Definition: the phase space factor is the number of states per unit of energy interval per unit
volume (V=1) :

PE)="E :(2:df " dE IH‘ i

» Due to momentum conservation not all momenta are independent: (Z P, ] -P=0

1=l

« Can be accomodated by integrating over n-1 particles:

l I 11
p(E)= __,; JAH(J"'IU!




Lorentz invariant phase space

« The momentum conservation can be considered by using Dirac ¢ function:

[JP il_pJ \l—(] SO ju’ 23 a[p —(P—”“:.p{. ﬂ:l

¥

) d i/ n—l| \
plE)= (?;m o ﬂ_[ d*p, = T Fﬂ_[cf 2 f’{p.,—| P- Zp, q

1) )
{?.a-m " dE “ P {{ J

«Energy conservation gives: Z E—-E=0

l P, N . i n —l { n W
e L PpdES|P-Yp, 0| S E—E
pE) V" dE ﬂ;[cf ler(fFf}|:p ; P, 131 Z :

1 =l J

n

:(-; }']‘1"’ JH{,;" P, .:{ p ]&[ZE E ‘15—] f(E)dE = f(E
27th

i=l

The only problem: this is not Lorentz invariant



Lorentz invariant phase space

Insuring Lorentz invariance

_ 2Z 2
- Fermi’s golden rule: W = ny

A p(E)

* If p(E) is not Lorentz invariant — |m,J? is not

* a single massive particle moving with energy E in a volume V described by a wavefunction ¥
normalized to f|H?>dV =1

 This normalization implies that particle density is 1/V for a stationary observer

« if the particle speed is relativistic then there will be a contraction by a factor 1/y in the
direction of motion — the patrticle density appears to be /V

- renormalizing the wave functions to ¥' — y"2 ¥
guaranties that the particle density becomes invariant

» we can redifine the matrix element:

“‘”u ‘ “ 2m,y c n 2m,y,c’

EH



Lorentz invariant phase space

—> Transition rate to a single final state becomes:

2 _ M
W = :
T s, ) T LZ"
J

J-1

r n

b

=l

Integrate over all final states to get:

&
|' r i

W ‘);;r ‘:Lf}',;|_ B 1 JLHH' P le _P]@lzg F‘ ‘ n‘ R, (E)
l—[jF m’: | i= J =l H"E‘.f‘

- - = =1

' \w

Lorentz invariant phase space

dp .H .H
R (E ! — P E —F
(E)= S22 }z }




Lorentz invariant phase space

Is it invariant ?

p.=p, p,=p, p.=y(p.—BE) E'=y(E-pBp,)

;:.fpi B g dE ( D.

@f{_ﬁmJ_‘ﬁ l

dE d ( . i e B p.
pi+m | =p. p; tm” S g

dp. c!p X ; J \ ; J E

d}?; _ d}i'}': d} F}; - d':pn
E' E EE E




d’ D, (& Y &
o\ >p, P Y E-E
\ =] S\ =l J

L | ._-

fﬁ(pl +p,-P)S(E +E,-E)

2E 21
dp d’p, . . ,
= . ~olp, +p, JO|E +E,—E) 1in centre of mass frame
(27ﬁf)ﬁ _I:IA 2E ZE (pl p_.)(( | 2 ) C C
l d’p
= %) E +E,—-FE) itegrate over
(270)° '[—lEE ( ) integ P:
= L r”q’ P\ 5(E + E, - E)
(2mh) ° 4EE,

pdE
_(273:?; _[ | '5E+E —E) as pdp, = EdE, fromE — p. =m/



2 body phase space

In order to integrate we need to write E, in terms of E;, m; and m,
In the centre of mass frame :

7 7 7 7 3 g -7 7 >
Ppi=p;=> L —m;=E;—-m; = E, :(El'—ml' +m5)‘

R:(E): (""/Iﬁ _I.!DI 2% 5(__E| +(IE|3 —m; +”?§F = E__-)_ (271 J‘P e xdl (E )

, ; |-
To integrate over E, is used: JJE olg(E))= ‘:T"

o(E)=E +(E>-m’ +m§_)%— E

dg

L E,+E  E T E,

—1+F(L —m; +m; ) j‘::ﬁfl =—

dE E, E, “lae E
] ) _ . TP
Two+body Lorenty invariant phase space is: |R,(E)=——=
(27h)" E

E=E+E, = (‘}}; +m3)|3 +(p2+mif = (p? +mf)% +(p? +m§)% as p.'= p;

B {LE (m,—m, IE (m, +m, ) ]}'l

2F




Finding n-body phase space recursively

N — body phase space in the centre of mass can be rewritten:

G b oydp &
& ()= Gy M3 20 2

as:
, l d’ pj d’p. O AL -
R!P(E)_ }. IH (jl Zpa pn} ‘5‘ ZE‘_ E_‘Ei?}
(jﬂf /N i=l J
The second integral is the phase space integral for n-1 particles
with total momentum —p,, and total energy (E-E,)
Lorentz invariance allows this to be rewritten in terms of
a system of zero total momentum and energy € =(L—L, )

Example: let's go to 3-body phase space from 2-body

N T dp p((ﬁ_))
RlE)= (271 ) j 2E,

where £° (E—E;): —Pf

= [)}.-'



History of the Universe

Quark-Gluon  Protons& Low-mass
Plasma Neutrons Nuclel
1013K, 10-6s 1012K, 10-4s 109K, 3 min

Neutral Star Heavy
Atoms Formation Elements
4000K, 105y 10%y >109%y




High energy heavy ion collisions

Space-time Evolution of the Collision

time

Freeze-out

Pre-equilibrium
space

v

i

Pb . . Pb




High energy heavy ion collisions

Kinematic variables

1 E+P

Rapidity: = —In Z
=2 In(CT)
1. P+P 0
Pseudo-rapidity: Tl = Eln( P PZ ) = —In(tan 5)
'z
2 2
Transverse Momentum: Pr = \/ Py + Py

Transverse Mass: mT = \/ p? -+ mg



High energy heavy ion collisions

Useful Expressions
E =m; coshy
P, =M, sinhy
S, =tanhy
dp, = Edy
Feymann x Xp = b, — al
N F — * R
' Poas V%
g =(p'-p')sQ =-0
Bjorken x: v=(E'-E")
2
X = Q
2Mv
E +
Light-cone x,: X, = ( P)

- (E + pz)beam



High energy heavy ion collisions

Invariant Cross Sections

Invariant Differential Cross Section: d 20
270, dp;dy
E do/d?p »
oldp d’c
27m;dm,.dy
Invariant Multiplicity Density d°N
nvariant Multiplicity Density:
NevzﬂppoTdy
E d3n/d3p > d’N

N,,27zm,dm. dy



High energy heavy ion collisions

Spectrum Fit

my spectrum: d’n/(27mp)dmdy versus (m;-my)

prspectrum:  d’n/(2zp,)dp,dy versus p,

Boltzmann m fit:  d’n/(27mm)dmdy ~ m, exp(-m - slope)
where slope > parameter (1/7)

Why is this Boltzmann?
d’n/d’p ~ exp(-E/T)

Invariant Multiplicity Density:

Ed’n/d’p ~ E exp(-E/T)

E = mcosh(y-y,,)
d’n/(2 om )dm dy ~ m, cosh(y-y,,) exp(-my cosh(y-y.,)/T)
Slope depends on rapidity for an isotropic thermal fireball

slope = cosh(y-y.,)/'T

dzn _(y_Yan)z
dn/dv = 2zm.dm. ~e %
Sy j(27zdedey) T




High energy heavy ion collisions

Naive Expectations

Thermal Isotropic Source = m; Scaling

7, K and p have the same slope parameter e b1

Au+Au central collisions

STAR preliminary
. mid-rapidity
**sss= C
_ == | T, =565
3 TRy -
9 4 P
= 1 .
= T
E
= =,
E
S ..
= N
s \'E,\ —
T, =190 MeV
=
L3 -
S /200
-1
9 g 0.1 0.2 0.2 0.4 0.5 0.8

M-y (Ge V.-"CE:I

* Data show a large difference
among these particles

?

» Unrealistic high temperature

ratios

0-1

—

102

10°

Statistical models predict T,, ~ 165 MeV

T &
1 O g
%o i |§ % \ §
EXafpkiRBREYGy -~
v Bad 2R mlinalds T F
T T T T T T T T T T T T T T T
? el i il ¢ E
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o Fmed TKPAZQD n
== K.p —
2 L s E
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High energy heavy ion collisions

The invariant momentum spectrum of particles radiated by a thermal source
with temperature T is :

Erf’:is.- B dn gV E o E—p)/T

T dBPp dympdmpde  (27)3

If the quantum statistics is neglected where the particles are decoupled
from each other, i.e. where the spectra are computed, e~ can be
introduced in the normalization together with V, therefore, integrating over
rapidity using modified Bessel function K, -

ddn

mepdner




High energy heavy ion collisions

Single-particle distribution EAN/d3p for a relativistic gas described by a distribution
function obeying the Boltzmann transport equation.

Is the momentum distribution in the center-of-mass frame given by the probability
of finding a particle with velocity v times the Lorentz boosted thermal distribution

normalized to the total number of particles?

EdN/dp = [ dN/dy £ gETW) Egy
n(T(%))

where E and T are the energy and temperature, respectively, in the comoving or
local rest frame of the collective motion.

This yield the correct number of particles but it is inconsistent with energy
conservation

The invariant momentum spectrum is given by:

”,ra”

/flr plp rfrTﬁEE '
ri' L 5 (22

f(X,p) obeys the Boltzmann equation pﬂﬁﬂf(x,p) — A]_(X,p)

— (" py—p) -";TJI' ar frT,h

f

Al is the rate of change in g due to collision



High energy heavy ion collisions

This measures the particle flow through the given hypersurface o as if the virtual particle walls of the
fluid cells have suddenly disappeared and the particles are flying isotropic in all directions
o defines the borderline between hydrodynamical behaviour and free-streaming particles

obviously these are mathematical idealizations
In reality the freeze-out hypersurface could be defined by points of the last interaction of each
individual particle — a thickness of the order of mean free path

If the hypersurface o(r,¢, ¢) in cylindrical coordinates 0 <r <R,0 <¢ <2z7and-Z<{<Z
longitudinal directions

at(r, ¢, () = (t({), rcos ¢, rsing, z(())
0z ot :
JIIJF-"FJ;J — E_ =re _fl-"," T 'V"l'?'lf ff.f_',l.-'ll-"("
2 JQ

up,, = mycosh{y —n)cosh p — prsinh pcos(o — )



High energy heavy ion collisions

Because of azimuthal symmetry we can integrate over ¢ making use of the modified Bessel function:

F ..:'—I = e
Io(z) (27) Ilf”_ e OB P44

d°n [ = )z ot
B = d¢ |mp cosh y— — myp sinh y—
d*p (2m)e J_z /4 ¢

R m cosh pcosh(y — n) — p pr sinh p
% [ rdr exp [ — - Iy —
JU)

For the transverse mass spectrum we integrate with the help of another modified Bessel function:

dn q 2 2 i _ {mypcoshp prsinh p
— = Zmyp| dC|coshn— — sinhnp— Ir F —_— | ———
mrdmy ,Tmf./_ ; ? [{ } “'Ilrhv H l”{)u,_‘] [f SRS ( T ) ? ( T )

mr C nH]l .” T sinh I
:—I.i'a‘l.f/ .'rj"r _[T'i] _ In _f—

We can immediately derive the limiting case for large m; , since m{/p; — 1, K,/K; — 1 and for finite
flow (sinh p> 0) also I,/l, — 1:

lilll ”-II ]_[]_( ”‘” ) = {.”hll '” _. 'H'i]'l}']' .I!r'il _ _il IIIII'IJ_ = jr _EE“ 1 II II'IIIIl 'E‘ '.j-,r-
mr—oo dmyp  \mpdmy 1 TV 1+35. V1-5,



High energy heavy ion collisions
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High energy heavy ion collisions

Transverse Flow

;@2_5 _ «STAR ptp @ 200 GeV
3 o STAR Central Au+Au @ 200 GeV
ﬂl_ i
T o B = 0.50+0.04
T = 109.8+16.5 MeV |
’
1.5
1 15 B =0.39+0.06
T=111.6+23.8 MeV
0.5
Ko K A E d
. , PP o
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M.Petrovici and Amalia Pop

Mass(GeV/c?)

- AIP Conference Proceedings 972(2008)98

TC:E, Ki, K*, KSOQ P B) d9 d
B =0.54+0.04, T = 98.7 £ 19.5 MeV

PRELIMINARY

A, A E5 Q- Iy

B = 0.37+0.25, T = 215 + 200 MeV ?

50% error bars !!!

A, A, 5, Q~, Iy
B=0.37+0.12, T = 215 + 89 MeV




High energy heavy ion collisions

Transverse Flow

f(x,p) ~ [1-(1-q)p~U JT]¥9 - Tsallis non-extensive statistics

— Boltzmann for (q-1) — 0
— Tsallis Blast Wave:

Y T R
| = 1. : SRR ST
f(pe) = my / cosh(y)dy / d@/rdr(lJr 7 (mecosh(y)cosh(p)—p:sinh(p)cos(¢))) /@
-Y - ]
oo 2
& s B I5° p: f (pe)dp: A. Lavagno, Phys.Lett. A301(2002)13
o0 Z. Tang et al, arXiv:0812.1609 nucl-ex
J5° pe f (pt)dps getal,
— — — + Kt K* n d A -
Tc:l:, K:E, K*’ KSO, p, A, A, E:]:,, Q—, d, d, J/\II T D) K ,K ) p, p, d, d A, A, — g Q ,J/\l]
System p+p p+p Au + Aun Au 4+ Au Au + Au Au + Au Au A+ Au
Model BGBW TBW BGBW TBW BGBW TBW TBW
T [MeV] 111.6423.8 78.86410.13 109.8416.5 86.8 +1.54 T [MeV] 98.7+195  79.05+0.04 T MeV]  198.047.6
@ 0.3040.06 0027010  0.5040.04  0.4840.04 i 0.54+0.04  0.53+£0.0005 i 0.32+0.012
q 1.0 10874 1.0 1.0247 q 1.0 10175 q L0247
Au 4+ Au Au 4+ Au
BGBW TBW
M.Petrovici and Amalia Pop T [MeV] 215.5480.2 200.5+0.1
arXiv:0904.3666 3 0.37+0.12 0.36

q 1.0 1.021




